Abstract. Let (X, d, m) be a geodesic metric measure space. Consider a geodesic µt in the L 2 -Wasserstein space. Then as s goes to t the support of µs and the support of µt have to overlap, provided an upper bound on the densities holds. We give a more precise formulation of this self-intersection property. We consider for each t the set of times for which a geodesic belongs to the support of µt and we prove that t is a point of Lebesgue density 1 for this set, in the integral sense. Our result applies to spaces satisfying CD(K, ∞). The non branching property is not needed.
Introduction
Let (X, d, m) be a complete and separable metric measure space with the additional property that
• X coincide with the support of m;
• (X, d) is a geodesic space. It is then well-known that the associated L 2 -Wasserstein space (P 2 (X), W 2 ) is geodesic as well: so to any µ 0 , µ 1 ∈ P 2 (X) we can associate a geodesic [0, 1] ∋ t → µ t joining µ 0 to µ 1 . See [5] for an overview (and much more) on optimal transportation.
Under some general assumption on the metric measure space (X, d, m), like CD(K, ∞), see [1] , [3] , [4] for their definition, it is possible to prove that if µ 0 and µ 1 are both absolute continuous with respect to m with bounded densities, then the same property holds for the density of µ t , in particular µ t ≪ m and its density in bounded uniformly in t ∈ [0, 1], see for instance [2] .
Thanks to this uniform bound on the density, by means of standard arguments in measure theory, one can prove that the support of µ t has to overlap with µ 0 as t goes to 0, otherwise to much "mass" would be present inside the support of µ 0 . The same property holds for another time s different from 0 as t goes to 0. This overlapping property is to our knowledge the only qualitative property of the support of µ t that has been proved so far. Even in the Euclidean framework, examples have been constructed showing that even assuming for instance convexity of supp[µ 0 ] and supp[µ 1 ], then supp[µ t ] is not convex and in general one can expect supp[µ t ] to be "hardly" disconnected.
Our interest is to give a more careful analysis of this overlapping property and to prove a structure property of supp[µ t ]. If we denote with G(X) ⊂ C([0, 1]; X) the subset of geodesics in (X, d) and with P(G(X)) the space of probability measures over it, it is again well-known that to each geodesic t → µ t ∈ P 2 (X) it is possible to associate γ ∈ P(G(X)), so that
for all t ∈ [0, 1], with e t the evaluation map at time t. Our result will be stated in terms of the support of γ. So denote with G ⊂ G(X) the support of γ. For each t ∈ [0, 1] consider the set
hence I t (γ) is the set of times for which γ remains inside the support of e t (G). So clearly t ∈ I t (γ). We will prove that if there exists a positive constant C so that
for all τ in a neighborhood of t ∈ (0, 1), then t is a point of Lebesgue density 1 for
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The Result
So let (X, d, m) be a metric measure space verifying the assumption stated before. Let µ 0 , µ 1 ∈ P 2 (X) and t → µ t ∈ P 2 (X) a geodesic connecting them. Moreover γ ∈ P(G(X)) is the dynamical optimal plan associated to µ t . Theorem 2.1. Fix t ∈ (0, 1) and assume the existence of a positive constant C and a neighborhood
Proof. Assume by contradiction (2.1) doesn't hold. Therefore there exists a set H ⊂ G, with γ(H) > 0 so that for all γ ∈ H we have two possibilities: or
either the limit exists but is not one:
In the first part of the proof we show that in the first case, the lim sup must be equal to 1, neglecting a set of zero γ-measure. The same argument excludes immediately the second case.
Step 1. Suppose by contradiction the existence of a set H ⊂ G, with γ(H) > 0 so that for all γ ∈ H lim sup ε→0
and therefore possibly restricting H,
for some α > 0. Let
Then by Fubini's Theorem
where P i denotes the projection map on the i-th component,
So there must be a sequence of {s n } n∈N converging to 0 so that γ(E(t + s n )) ≥ C, for some C > 0. Then, since e t+sn (G) converges to e t (G) in Hausdorff topology as s n goes to 0, we have
where e t (G) ε := {z ∈ X : d(z, e t (G)) ≤ ε}. Since by assumption ̺ τ ≤ C on e τ (G) for all τ ∈ U t , it follows that m(e t+sn (E(t + s n ))) remains uniformly strictly positive as s n goes to 0. Since
we have a contradiction. Hence we have shown that there exists H, γ-negligible, so that lim sup
for all γ ∈ G \ H. Using the same reasoning we can also prove a stronger statement: for any sequence ε n → 0 there exists H, γ-negligible and depending on the sequence ε n , so that lim sup
for all γ ∈ G \ H. We now show that L 1 -convergence holds.
Step 2. Consider any sequence ε n converging to 0. Then from the equality
integrating over any set K ⊂ G we get
Hence, if there exists
Using Fubini's Theorem as in Step 1. we could find a sequence of slices of E, say E(t+s n ), with uniformly positive γ-measure and therefore we would get a contradiction. Reasoning in the same manner for the lim sup we get that for any K ⊂ G, lim inf n→∞ K L 1 (I t (γ) ∩ (t − ε n , t + ε n )) 2ε n γ(dγ) = γ(K).
Since ε n was arbitrarily chosen lim ε→0 L 1 (I t (γ) ∩ (t − ε, t + ε)) 2ε = 1, in L 1 (γ G ).
and the claim follows.
